ABSTRACT: This paper aims to identify and quantitatively evaluate various critical mechanisms associated with the processes of desiccation shrinkage and cracking in drying silty soils. A previously developed 1D bundle-of-tubes model is refined to simulate the various stages of drying shrinkage in 2D, using the actual pore size distribution based on Mercury Intrusion Porosimetry (MIP) data. Experimental evidence at a meso-scale has shown that the air entry phenomenon may occur in two possible scenarios: air incursion at the external surface and formation of vapor nucleus in the interior. Further transition of solid-water structural configuration into funicular and pendular states from initially capillary state is simulated.
INTRODUCTION
Desiccation cracking is a highly undesirable occurrence in soil structures. In the United States alone, the costs associated with damage caused by shrinking and swelling soils are estimated to range from about 10 to 13 billion annually (Holtz et al. 2012) . Evaporation of soil moisture results in moisture gradients and generates shrinkage of the material. When shrinkage is restrained, stress (sometimes selfequilibrated) is generated, causing easily cracking when tensile strength is exceeded. However, the underlying mechanisms of these processes are very complicated, involving sequential or even coupled scenarios of moisture evaporation and transport, drying shrinkage and shrinkage limit, air entry and onset of desaturation, and eventually formation and then evolution and rupture of liquid bridges, or if constrained, generation of concentrated tensile stress at the tip of flaws.
The need for a multi-physics, multi-scale approach arises from two considerations: the shrinkage deformation resulting from drying is under strong influence of capillary phenomena that must be addressed at a microscopic level; and the eventual cracking may be attributed to imperfections resulting from pore water removal and depletion in the evolving solid-pore structure at the meso-scale. The present study aims to identify and quantitatively evaluate various critical mechanisms associated with the processes of desiccation shrinkage. Of particular interest are the scenarios of air entry and the subsequent evolution of different stages of saturation consisting of funicular and pendular stages, conceptually understood as characterized by a continuous liquid phase and a continuous gas phase, respectively. Quantitative description or simulation of funicular and pendular states of water desaturation has been elusive, except some studies focused on isolated two-or three-sphere configurations (e.g. Urso et al. 1999) . Lack of quantitative description of transition of these different states likely results from an inadequate understanding of a multi-scale approach to bring together experimental possibilities and findings, conceptual hypotheses and numerical models and devices. The presented work is an attempt to develop such an approach to provide a basis for a realistic scenario to model the complex set of phenomena.
EXPERIMENTAL BACKROUND
Drying and drying cracking require considerations to be made at three scales: macro-scale continuum, at which stress, effective stress and strength criteria are formulated and soil experiments are conducted; meso-scale of clusters of grains and pores, where structural of air entry effects can be experimentally observed and analyzed; and micro-scale of single pore or grain water/vapor, where capillary forces can be observed. In this context we examined (Hu et al., 2013a (Hu et al., , 2013b ) microscopic data of the pore system evolution as represented by the mercury porosimetry results and postulated corresponding mechanisms based on the pressure (suction) development in the pore-vessels and ensuing water cavitation at a critical suction. The event of air entry plays a central role in the process of desiccation cracking; it is envision that it may signify the onset of desaturation stage. Shrinkage stops practically simultaneously with the air entrance into the soil, at the water content value (hence referred to as shrinkage limit) still above 20% for the tested soils (Peron et al. 2009 ). The remaining drying process occurs with a much reduced shrinkage rate, but almost entirely via desaturation (e.g. Fredlund and Rahardjo 1993; Kodikara et al. 2002; Pellenq et al. 2009 ).
The air entry phenomenon, despite that it occurs at the scale of a single pore, is considered a macroscopic property of soil, mainly based on the assumption of the equality of the fluid pressure at both scales. A suggestive air entry mechanism in a 2D granular system has been proposed by Childs (1969) shown in terms of a succession of stages during drying and re-wetting (Fig. 1a) .
However, recent experiments at a meso-scale with drying of model clusters of smooth glass grains (Mielniczuk et al. 2013 ) with the funicular water bound between them reveal that there are more than a single air entry mode. The most characteristic two modes identified in experimental systems tested of 3, 4, 5, 6 and 8 silica grains in distilled water were two classes corresponding to a negative or positive local Gaussian curvature (which is a product of the two principal curvatures) of the surface of the local meniscus. Most typically, for a negative Gaussian curvature (or concave/convex meniscus) a non-symmetric mode of the unstable evolution of the water body constitutes a most common air entry mechanism into the body of the saturated soil. While the circumstances and numerical criterion for the event are still an open question, it clearly is an unstable and localized displacement of the gas/liquid interface in form of a finger, occurring at a several orders of magnitude higher rate than the preceding process manifested among others by a slow evolution of the liquid/gas interface. Fig. 1b shows three of a series of images of a 2D saturated cluster of 8 grains (Mielniczuk et al. 2013) shot every 90 seconds during natural isothermal drying (using Canon EOS 500D camera). Grains were 3.5 mm in diameter ultrafine silica (glass) spheres, while the liquid is ultra-pure deionized water. As indicated, it took 10 minutes from the initial configuration to reach the intermediate one, and less than 90 additional seconds to develop the final configuration with the gas penetration. The depth of the penetration of the gas finger is about 4 times the average size (diameter) of the pore. An alternative, symmetric entry mode takes place at a point with a positive Gaussian curvature (concave/concave meniscus) between the spheres and consists of a multi-step process: starting with a convergence of two gas/liquid interfaces situated opposite one another (at the front and back of the picture), followed by formation of a suspended thin film of liquid, followed by a further thinning of the film, leading to coalescence of the two surfaces, undergoing what seems like a 2-D water cavitation, which subsequently propagates symmetrically with a circular projection until its boundary reaches the solid walls of the sphere. This is shown in Fig. 6 for a sixsphere cluster. Notably, the non-symmetrical scenario occurs for systems with higher separations between grains, while for lower separations a symmetrical scenario takes place. The unstable part of the process starts at the point when the thin film of water bifurcates. The bifurcations of thin films and thin sheets have been known for some time (e.g. Taylor 1959 ), but for capillary bridges have been observed only recently by Maeda et al. (2002) with a mixture of water and vapor molecules, of an intermediate density. Fig. 2 . Evolution of the water body between 6 glass spheres subjected to evaporation at constant temperature, constant ambient vapor pressure. A symmetric localized unstable mode of the interface evolution is observed. Hu et al. (2013a; 2013b) developed a meso-scale tubular model to simulate 1D shrinkage of drying silty soils, based on the Mercury Intrusion Porosimetry (MIP) results of evolution of the pore size distribution. Despite its geometric simplicity, it yields reasonable agreement with experimental observation of shrinkage characteristics of drying soils with different pore liquids (Hu et al. 2013c ). However, due to its 1D configuration, it is incapable of addressing the transition of funicular-topendular stage of liquid saturation. The presented study extends this model to a 2D setting, allowing one to numerically identify and evaluate the evolution of capillary, funicular and pendular stages. In particular, the first mode of air entry presented in the preceding section can be readily simulated in the previous model. Hence, we are specifically interested in the second mode of air entry.
SCENARIOS OF EVOLUTION OF THE DRYING STAGES
The modeling started with the observation that the system of pores detected via mercury porosimetry evolves in a particular way during drying (e.g. in Bioley silt, Peron et al. 2009 ). At different stages of drying, i.e. at the onset at liquid limit, LL, then near shrinkage limit, SL, and at the nearly complete desaturation, D, two classes of pores are seen to evolve in a distinctly different way. These classes, referred to as Large Pores (LP) of around 1.5 µm in radius and Small Pores (SP) of 0.5 µm do not form any particularly distinct modes originally, but their evolution makes them distinct.
To reproduce this evolution, the medium is idealized as consisting of a bundle of parallel cylindrical deformable vessels with two initial diameters, corresponding to LP and SP. While we discuss only 1-D shrinkage, in a more general case the elementary volumes, the pore-vessels can be arranged as in Fig. 1b with 2-D intercalating layers of tubes oriented orthogonally ones to the others. As a result all quantities are appropriately weighed averages of the values pertaining to individual tubes. The vapor flux applied at the pore-vessel end imposes the Poiseuille flow of water throughout the vessel, associated with the shrinkage of tubes, commensurate with the volume of water removed. Hu et al. (2013a; 2013b) established the formulation of viscous flow through a deformable single (straight) microscopic vessel in terms of the fluid pressure in the pore-vessel, p(x, t), based on Fung's equation for pressure vessel deformation (Fung 1984) . This model is modified with a conventional linear elastic pressuredisplacement formulation (e.g., Hill 1950; Chen and Han 1988) . The motivation for this modification is the possibility of the available analytical solution, allowing future consideration of a wide range of pore classes (even it is not explored in the present analysis), because now the formulation is a parabolic partial differential equation PDE.
Where E denotes the stiffness of solid, v is Poisson's ratio,  is the viscosity of pore fluid, a, b are the initial internal and external radius of pore respectively. The solution is obtained analytically using the initial condition as 0 at 0 and the boundary conditions are: at 0, 0 and at , . F is the evaporation flux and .
The dimensionless variables used are: and . The above formulation and considerations are valid only for the saturated stage of drying. Eventually air does start to invade into the pore system as shown in Fig.1 and Fig. 2 , either from boundary or middle of pore system. The event of the air entry in the former mechanism is interpreted as an external meniscus plunging (Terzaghi 1927) or while the latter consists of a subcutaneous cavitation of water at the boundary. The two are physically undistinguishable phenomena (Brinker and Scherer 1990) . The former suggest a meniscus shrinking until its diameter becomes smaller than the pore entrance. The latter, implying that water suction reaches tensile water strength, depends notoriously on the presence of dissolved air or solid impurities in water. This mechanism yields numerically a criterion based on the Laplace's equation via an equilibrium capillary pressure, * , which depends on the interface curvature radius, r, surface tension, , and contact angle, , as follows * , r a x, t
When capillary pressure rises above the value, * the equilibrium is violated and a breakthrough of air is considered to take place. The main point to be stressed is that the change of pore size during drying is substantial, and hence the value of the critical pore size needs to be accordingly adjusted. We consider a 2D meso-scale assembly for any location along the axial direction of the original soil slab with length 2L. The air entry mechanism discussed above can be used to simulate possible different sequences of water desaturation in LP or SP, as well as both modes of air entry described in the preceding section. With an example of assembly shown in Fig. 4a , the simulation identifies three events of air entry: invasion of air in the LP from its boundary, invasion of air in the SP from its boundary and cavitation of water in the LP-SP intersection due to the pressure in the SP reaching the critical cavitation value in the LP. The sequence of these three air entry events depends on a number of factors, including evaporation rate, stiffness of LP and SP, configuration of LP and SP, as well as the sizes of LP and SP. A parametric study would exemplify the complex nature of a drying and shrinkage process. The present study utilizes simple parameters discussed in Hu et al. (2013a; 2013b) and shows a sequence of desaturation development in different stages.
The subsequent development after the occurrence of air entry is affected by the evaporation at the boundary or in the middle. It should be noted that an approximate formulation for the interface movement is used. Hu et al. (2013a; 2013b) formulated a Stefan problem of moving boundary to account for the motion of the interface. The presented analysis simplified that equation by ignoring the small water pressure gradient, and arrives at a formula for the subsequent evolution of the liquid/gas interface, s,
Where, c is water vapor concentration, is diffusion coefficient of vapor and ρ is water density.
SIMULATION RESULTS
As described in the preceding section, the simulation considers three different processes: poiseuille flow with an increasing negative pore pressure, invasion of air followed by liquid-vapor interface motion with some pores still satisfying Poiseuille flow and progress of liquid-vapor interface as sole mechanism of water removal at a constant pressure and deformation. The results presented correspond to a meso-scale representative assembly described in Fig. 4a , and at x=L in the axial direction.
In the beginning (capillary) stage, large pore and small pore in our 2D model will start to shrink at the same time. Fig. 5 and Fig. 6 show the evolution of water content and shrinkage, respectively. After reaching at point 'a' shown in Fig. 5 , around 4.2 hr, some of the large pores and small pores at intersection start to desaturate, because the pressure developed in the SP reaches the critical cavitation pressure at the LP. As shown in a scenario very similar to what is presented in Fig. 2 , the air entry scenario, first occurring at middle (intersection of large pore and small pore) is modeled here. Small pore has larger thickness, so its value of "stiffness" as a response to water pressure is higher than that of LP, leading to a larger value of negative pore pressure than that of large pore (if subjected to similar boundary flux condition). It reaches the critical value of large pore early around 14,800 sec, leading to cavitation at intersection first. This also signifies the beginning of desaturation as shown in Fig. 7 . This moment can be considered as the beginning of funicular stage for this considered location, as the gas phase is isolated while the liquid phase is continuous (Fig. 4b) . The deformation of most large pore and small pore would still continue slowly, but will stop for large pore around 9 hr after point 'b' and for small pore around 15.5hr of drying after point 'c'. Point 'b' corresponds to air entry at boundary of large pore around 32,300 sec. However, the boundary here does not refer to the boundary of the macroscopic soil slab (Fig. 3b) , rather, the boundary of the meso-scale representative assembly. It means that if a location rather than the end of slab is considered, the time for 'b' would come much later, depending on the progress of the interface in the LP. Eventually, small pore is invaded by air at around 55,700 sec, indicated in Fig. 5 . as 'c'. This moment can be considered as the end of funicular stage for this considered location as the liquid phase becomes isolated (Fig. 4b) , and possibly the beginning of pendular stage, where the presence of liquid would be limited to the liquid bridges between solid particles. The initial void ratio and volumetric water content are calibrated against experimental data reported in Peron et al. (2009) and Hu et al. (2013c) . Fig. 8 shows the correlation between void ratio and volumetric water content. It should be pointed out that the characteristic moments in presented model are different from those in the previous 1D model, the latter result from homogenization of the entire soil slab while the former have to be considered locally and are distinctly different at different locations. Consequently, one characteristic moment in the 1D model, the end of the full desaturation of LP cannot be applied here. It is interesting to note that the drying rate (loss of volumetric water content) is very high throughout the process. It has been established that the drying rate would experience a decrease in the "falling rate period" after the initial "constant rate period" (e.g. Sherwood 1929) . Macroscopic modeling has successfully reproduced this observation (e.g. Puyate and Lawrence 2006 ). The present model most likely can be better calibrated and provide the corresponding scenario developed at the micro and meso scales. 
CONCLUSIONS
The presented numerical modeling is based on a conceptual model with the intention to assess the different scenarios for air entry observed in the recent experiments and quantitatively evaluate the implications of these scenarios, leading to the development of different saturation regimes. Obviously the model can be improved if more complicated configurations are considered. However, even sophisticated numerical investigations with Discrete Element suffers from the lack of tools to account for transition of different saturation regimes and thus have to be confined to low degrees of saturation applicable for pendular regime only (e.g. Scholtes et al. 2009 ). The presented model is able to conceptually show the three regimes: capillary, funicular and pendular during a drying process.
Only one scenario of air entry is discussed in this paper, air entry at middle (intersection of large and small pore) first. However, it might occur first at boundary of large pore as shown in experimental observation at Fig. 1 , numerically this is possible in the presented model, depending mainly on the stiffness and evaporation rate of small pores. If stiffness and evaporation is much lesser than the value taken during this modeling, air entry at the LP-SP intersection would occur later than at large pore boundary.
